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ABSTRACT
We construct hydromagnetic neutron star equilibria which allow for a non-zero electric current
distribution in the exterior. The novelty of our models is that the neutron star’s interior field
is in equilibrium with its magnetosphere, thus bridging the gap between previous work in
this area, which either solves for the interior assuming a vacuum exterior or solves for the
magnetosphere without modelling the star itself. We consider only non-rotating stars in this
work, so our solutions are most immediately applicable to slowly rotating systems such as
magnetars. Nonetheless, we demonstrate that magnetospheres qualitatively resembling those
expected for both magnetars and pulsars are possible within our framework. The ‘inside-out’
approach taken in this paper should be more generally applicable to rotating neutron stars,
where the interior and exterior regions are again not independent but evolve together.
Key words: stars: magnetic field – stars: neutron.
1 IN T RO D U C T I O N
Magnetic fields are ubiquitous in the world that surrounds us. They
affect our everyday life and are key to many astrophysical phe-
nomena as well. In fact, most of the information we have about
the Universe has been gleaned from electromagnetic observations.
Given this, it is natural that the origin, evolution and dynamics of
stellar magnetic fields remain important problems.
As in many areas of physics, the extremes are particularly in-
triguing. Hence, it is natural that considerable attention has been
given to the magnetars. These are observed as relatively young,
slowly rotating neutron stars that show significant activity through
bursts and occasional flares. Their phenomenology suggests that
they have super-strong magnetic fields, of the order of 1015 G
(Duncan & Thompson 1992). The challenge to understand the origin
of these fields – e.g. what kind of dynamo may act in the late stages
of the core collapse when the neutron star is formed; their evolu-
tion, in the form of the coupled thermo-magnetic evolution in the
star’s solid crust; and their dynamics, say, the emission associated
with giant flares – is immense. As a result, the effort to understand
the phenomenology of these systems has proceeded in steps where
each problem is considered in isolation. This has progressed our
understanding, but difficult issues remain unresolved.
In this paper, we consider particular topics relating to a neutron
star’s magnetosphere. This is the region that surrounds a rotating
magnetic star, where most of the electromagnetic emission is ex-
pected to originate. The motivation for studying this problem is
obvious, and it is one with a long history. Most previous work
 E-mail: kostas@um.es
focused on the radio pulsar emission mechanism, a vexing problem
that remains unsolved after more than forty years of observation.
More recently, the nature of a magnetar’s surroundings and the ori-
gin of gamma-ray flares and X-ray bursts have attracted significant
attention.
This work attempts to contribute (in a relatively minor way) to
both issues by modelling the magnetic field of a neutron star in
such a way that the interior is smoothly joined to the exterior. Exist-
ing models demonstrate a surprising dichotomy: they either solve
the problem in the star’s exterior without matching to an interior
configuration, or model the interior problem assuming that the star
is surrounded by vacuum. Both sets of solutions are obviously in-
consistent. A star’s magnetic field should be sourced by interior
currents and the nature of the exterior magnetosphere must depend
not only on the star’s rotation and the exterior field strength but
the interior field as well. The lack of consistent ‘inside-out’ mod-
els becomes particularly problematic if one wants to understand
to what extent the interior dynamics affects observed phenomena.
Since this would involve a communication across the star’s surface,
the detailed physics in that region comes to the fore. Unfortunately,
available models do not deal with this issue in a satisfactory manner.
Taking a small step towards more complete magnetar models,
we extend recent work by Lander & Jones (2009) in such a way
that a localized magnetosphere is accounted for. In order to keep
our task manageable in this first instance, we assume that the star is
non-rotating. This is key because it allows us to avoid issues asso-
ciated with the so-called light cylinder, a radius at which any matter
corotating with the star would have to move at the speed of light,
and where the problem in its usual incarnation becomes singular. It
is also an obvious ‘cheat’ because key phenomena associated with
the transition from closed to open magnetic field lines (the pulsar
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Neutron-star magnetospheres 3
emission mechanism, perhaps) cannot be accounted for. However,
if we focus on the very slowly rotating magnetars, then it stands to
reason that the magnetospheric physics near the star will be largely
oblivious to any light-cylinder effects.
We believe that our work provides an interesting complement to
the model discussed by Beloborodov & Thompson (2007). They
suggest that a magnetar forms a magnetosphere through crust-
cracking, which implants a ‘twist’ (current) in the region imme-
diately outside the star. Although equilibria for the magnetosphere
alone have been constructed (e.g. Vigano`, Pons & Miralles 2011;
Parfrey, Beloborodov & Hiu 2012), our modelling is the first to join
the interior and exterior currents smoothly, obviating the need for
surface currents. It may be that a current sheet is maintained along
the surface of a neutron star, but we believe that this can only be
answered with more detailed modelling of the near-surface physics
and should not be left as an arbitrary extra degree of freedom in the
problem.
2 STATE- OF-THE-ART MAGNETOSPHERE
C O N S T RU C T I O N
Even though our main interest will be in magnetars, it is important
to understand how the model connects with the modelling of nor-
mal radio pulsars. We will be making a number of simplifications in
order to make progress on the construction of the twisted magneto-
sphere configuration that is expected to be relevant for magnetars,
but in the future one would obviously like to remove these assump-
tions and address the complete problem. Hence, it is important to
understand what the restrictions are and how our computational
framework differs from the standard approach.
Magnetospheres are thought to be composed of a tenuous magne-
tized electron–positron plasma with negligible density and pressure.
The plasma particles are assumed to be ‘slaved’ to the electromag-
netic field. This situation is the exact opposite of that in the dense
stellar interior, where the field is carried along with the fluid.
Given the nature of the plasma in the exterior, it is not surpris-
ing that the so-called force-free approximation forms the backbone
of most magnetosphere models (Goldreich & Julian 1969; Mestel
1999). The essence of this approximation is the smallness of the
various inertial, pressure and gravitational force terms compared
to the electromagnetic Lorentz force FL. The momentum equation
describing the motion of particles of species x (representing either
electrons, x = e, or ‘positrons’, x = p, these can be either actual
positrons or protons) is written as
qxnx
(
E + vx
c
× B
)
= inertia + pressure + gravity ≈ 0, (1)
where qx, nx and vx are the particle charge, number density and
velocity, respectively. Noting that each particle carries one unit of
charge (positive/negative for positrons/electrons, obviously) we can
sum the individual contributions from equation (1) to get the force-
free condition:
FL = σe E + 1
c
J × B = 0, (2)
where σ e = e(np − ne) is the total charge density and J = e(npvp −
neve) is the total electric current (arising from the relative velocity
of electrons and positrons).
With the additional restrictions of a stationary and axisymmet-
ric system, one can derive the famous ‘pulsar equation’. This is
a second-order, quasi-linear, elliptic equation that determines the
magnetic field ( Michel 1973; Scharlemann & Wagoner 1973). In
standard cylindrical coordinates { , ϕ, z}, with the z-coordinate
aligned with the system’s symmetry axis, the pulsar equation takes
the form(
1 − 
2
R2L
)[
∂2 u
∂ 2
+ ∂
2 u
∂z2
+ 1

∂u
∂
]
− 2

∂u
∂
= −f df
du
,
(3)
where u is the stream function of the poloidal magnetic field and
f(u) is an unknown function representing the toroidal magnetic field
(see below for details). The equation has a singularity at the light-
cylinder radius, RL = c/, where is the angular rotation frequency
of the star.
Decades of effort have led to a method for obtaining solutions
to the pulsar equation, and thereby building neutron-star magne-
tospheres. The algorithm, which was developed by Contopoulos,
Kazanas & Fendt (1999), imposes fixed boundary conditions at the
stellar surface – usually that of a dipolar magnetic field – and at
infinity. The algorithm then calculates f(u) iteratively, making sure
that the solution is well behaved at the light cylinder. This solution
is self-consistent, in the sense that the particle velocities are kept
below the speed of light and the force-free approximation is not
violated. Subsequent work (e.g. Spitkovsky 2006; Kalapotharakos
et al. 2012) has used time evolutions to study the structure of more
realistic pulsar magnetospheres: accounting for (non-axisymmetric)
oblique rotators and resistivity. The surface boundary conditions are
no more sophisticated than before, however, treating the magneto-
sphere as a system that is completely detached from the stellar
interior. Models for non-rotating magnetospheres have been stud-
ied too, initially in the context of the solar corona (e.g. Low & Lou
1990 and Wolfson 1995) and later for magnetar exteriors (Thomp-
son, Lyutikov & Kulkarni 2002), but again without considering the
stellar interior field. These magnetosphere studies all represent the
‘exterior’ approach to the problem.
In our opinion, there is a fundamental problem with the exterior
approach, relating to the matching at the star’s surface. While in
principle the approach of Contopoulos et al. (1999) can be adjusted
to match to any desired surface field, there is no way that the actual
surface field will be known unless the interior problem is solved in
conjunction with the exterior one. This point is fairly trivial, simply
suggesting that it does not make much sense to glue together an
interior solution relevant for an exterior vacuum to a force-free
magnetosphere model, no matter how realistic the latter may be.
In order to achieve true realism, one would have to include the
star itself in the system. This seems natural anyway given that
the magnetic field, and hence the magnetosphere, is sourced by the
currents in the star. The process of building a magnetosphere thus
ought to entail the simultaneous solution of the pulsar equation and
of the magnetic field equilibrium in the stellar interior.
We are not going to pretend that this is a simple problem. After
all, if you are struggling to make progress on each of the two
parts involved, then what chance have you got to figure out how to
combine them? There are, however, key issues where we can make
progress. We can, for example, try to improve our understanding of
the nature of the transition from the star’s core to its exterior. This
involves resolving the issue of whether one should expect surface
currents. Such currents are ‘unattractive’ from the theory point of
view as they involve a degree of arbitrariness. If surface currents are,
indeed, present then one would expect their nature to be determined
by the physics. This fact has not been considered in any of the
studies where such currents have been employed. In absence of a
detailed model, we believe it makes sense in the first instance to
limit the amount of freedom in the model by excluding surface
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currents. Hence, our model guarantees a smooth transition from the
interior to the exterior; all components of the magnetic field remain
continuous. It also represents a logical base model upon which one
could later add a physically motivated surface current description.
In developing the ‘inside-out’ approach we are, at least at this
initial stage, forced to make simplifications and approximations.
Hence, we solve for the interior magnetic field together with the
exterior magnetosphere in the non-rotating limit ( = 0). In other
words, we solve the pulsar equation (3) in the limit RL → ∞. This
is convenient because it removes the singularity associated with
the light cylinder, and therefore, we do not need to consider the
associated regularity conditions.
How reasonable is the RL → ∞ approximation? The answer may
depend on what we are actually interested in. For typical neutron
star spin-periods the light cylinder is located several hundred stellar
radii away from the surface (for magnetars this distance is about a
factor of 100 bigger), and therefore, our model may provide a good
approximation of the magnetosphere in a region extending several
stellar radii from the surface. This part of the magnetosphere should
be relatively oblivious to the physical conditions imposed by the
light cylinder far away. On the other hand, the model is obviously
not in any sense global and for a rotating star it must break down
when   RL.
The upshot of this is that the solutions we construct are more suit-
able for slowly spinning systems like magnetars. Indeed, magnetars
have typically been modelled as non-rotating both with regard to
their dynamics and the structure of the magnetosphere (Thompson
et al. 2002; Pavan et al. 2009; Vigano` et al. 2011), although see
also the rotating solutions of Parfrey et al. (2012) and Parfrey,
Beloborodov & Hiu (2013). The association with magnetars is also
promising because they are expected to have a ‘twisted magneto-
sphere’ (Thompson et al. 2002) with a strong toroidal magnetic field
in the region of closed field lines near the star. As we will soon see,
this property is closely captured by our model.
3 FORMALISM
We aim to construct a simple model for a neutron star, taken to
be a barotropic magnetized fluid ball, coupled to a magnetosphere,
represented by a magnetized force-free plasma. As we have already
discussed, we simplify the problem by requiring the solution to be
both stationary and axisymmetric. Finally, we consider the problem
in Newtonian gravity. Under these conditions, the hydromagnetic
equilibrium in the stellar interior is described by the force balance
between pressure, gravity and magnetic field:
∇p + ρ∇ = Fmag, (4)
where p is the pressure and  is the gravitational potential. The
constraint ∇ · B = 0 implies that a magnetic field has just two
degrees of freedom. Using a pair of scalar streamfunctions u( , z)
and f( , z), we may write our axisymmetric field in an automatically
divergence-free fashion:
B = 1

[∇u × ϕˆ + f ϕˆ] . (5)
The magnetic (Lorentz) force is given by
Fmag = 1
c
J × B = 1
4π
(∇ × B) × B, (6)
where J is the total electric current. Taking the curl of equation (4)
and using the barotropy property of our model’s matter, p = p(ρ),
we have
∇ ×
(
1
ρ
Fmag
)
= 0. (7)
The imposed axisymmetry requires Fϕmag = 0 which in turn leads to
the functional dependence f = f(u). Then it is easy to show that
Fmag = ρ∇M, (8)
where M = M(u) is another scalar function (which obviously makes
equation 7 an identity).
Using equation (5) in (8) to calculate Fmag leads to the so-called
Grad–Shafranov equation (Grad & Rubin 1958; Shafranov 1958),
which governs the hydromagnetic equilibrium in the stellar interior:
∂2 u
∂ 2
− 1

∂u
∂
+ ∂
2 u
∂z2
= −4πρ 2 dM
du
− f df
du
. (9)
In this equation, the two functions M(u) and f(u) may be freely spec-
ified (modulo regularity and symmetry requirements). Through spe-
cific choices one may place physical restrictions on the equilibrium
solutions; see e.g. Ciolfi, Ferrari & Gualtieri (2010) and Lander &
Jones (2012) for a discussion.
It is also informative to expand Ampe`re’s law in terms of the
stream functions:
∇ × B = 4π
c
J = df
du
B + 4πρ dM
du
ϕˆ. (10)
The first term on the right-hand side describes the force-free part
of the current while the second term represents a purely azimuthal
flow.
Moving on, we next consider magnetic equilibrium in the star’s
exterior, i.e. the magnetosphere. The simplest choice one can make
is to assume that the star is surrounded by vacuum, removing
the presence of any charges or currents and effectively imposing
∇ × B = 0. This choice of an irrotational exterior B field is indeed
commonplace in studies of magnetic neutron-star equilibria, see
Haskell et al. (2008), Ciolfi et al. (2009), Lander & Jones (2012)
for some recent examples. In essence, previous work on this subject
has combined fairly advanced models for the neutron-star interior
with a rather primitive ‘magnetosphere’ model.
As we have already discussed, our aim here is to calculate mag-
netic equilibria with an improved treatment of the magnetosphere.
In particular, we assume a non-vacuum magnetosphere filled with
low-density plasma and where the force-free approximation, equa-
tion (2), is valid.
It is worth noting that, as we ignore rotation, the electric field
(and consequently the net charge density) is zero:
E = −1
c
(ϕˆ) × B = 0. (11)
The magnetospheric current thus consists of particles sliding along
the field lines, that is
∇ × B = 4π
c
J = df
du
B, (12)
and the force-free equation reduces to
(∇ × B) × B = 0. (13)
This identifies the exterior magnetic field as what is known as a
Beltrami vector field.
Adopting the same ansatz (equation 5) as before we can again
produce a Grad–Shafranov equation
∂2 u
∂ 2
+ ∂
2 u
∂z2
− 1

∂u
∂
= −f df
du
. (14)
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Neutron-star magnetospheres 5
Note that this equation coincides with the RL → ∞ limit of the pul-
sar equation (3). Compared to its counterpart in the stellar interior,
equation (14) displays the same freedom associated with the un-
specified toroidal function f(u) while lacking the degree of freedom
associated with M(u). The latter property follows from the fact that
equation (7) is weaker than the force-free condition (13).
We now see that the formalism provides us with a simple way
to extend the interior solution to the magnetosphere. As is obvious
from the two Grad–Shafranov equations (9) and (14), the exte-
rior equation is simply the ρ → 0 limit of the interior one (this
limit is appropriate given that the magnetosphere is many orders of
magnitude less dense than the stellar matter). Any given choice of
functions f(u) and M(u) leads to a consistent ‘global’ calculation
of the magnetic equilibrium without B-field discontinuities at the
stellar surface.
4 N U M E R I C A L I M P L E M E N TAT I O N
The formalism laid out in the previous section provides us with
a strategy for constructing non-rotating stellar models with non-
trivial current-carrying magnetospheres. We need only solve the
Grad–Shafranov equation (9) for the interior and the exterior of the
star. First, we use the following vector identity for axisymmetric
systems:

sin φ
∇2
(
u sin φ

)
=
(
∂2
∂ 2
− 1

∂
∂
+ ∂
2
∂z2
)
u (15)
to rewrite the Grad–Shafranov equation as a ‘magnetic Poisson
equation’ involving the Laplace-type operator:
∇2
(
u sin φ

)
= −
(
f

df
du
+ 4πρ dM
du
)
sin φ. (16)
Together with this we need the usual equations governing equilib-
rium in a barotropic fluid star.1 These consist of the Euler equation
(4) and the Poisson equation
∇2 = 4πGρ, (17)
supplemented by a polytropic equation of state
p = p(ρ) = kρ2, (18)
where k is a constant.
We solve this system of equations in integral form, making use
of a non-linear numerical scheme (Tomimura & Eriguchi 2005;
Lander & Jones 2009) which iterates in ρ and u, that is, we account
for the effect of the pressure–density relation on the magnetic field
distribution, and the back-reaction of the field on the fluid.
We employ the usual Green’s function to solve the two Poisson
equations,
G(r, r ′) = − 1
4π|r − r ′| , (19)
which implicitly includes the correct behaviour at infinity ( =
O(r−1), B = O(r−3)).
In contrast to other pulsar magnetosphere studies (e.g. Contopou-
los et al. 1999), we do not iterate directly in f(u), but fix its functional
form at the outset. Similarly, we fix M(u) = const × u. The val-
ues of f(u) and M(u) across the system will, however, update as u
1 We could, in principle, allow for composition-gradient stratification of
the stellar matter by using the scheme described in Lander, Andersson
& Glampedakis (2012). For this study, however, our focus is on a more
advanced model for the exterior.
changes over iterative steps. Our approach makes sure that during
the iteration any (probably unphysical) surface currents are avoided.
5 R ESULTS: MAG NETO SPHERE SOLUTIO NS
The nature of axisymmetric and stationary magnetic equilibria de-
pends heavily on the user-specified toroidal function f(u). In cal-
culations where the exterior is assumed vacuum (see for instance,
Ciolfi et al. 2009; Lander & Jones 2009), f(u) was fitted inside the
last poloidal field line which closes within the star (thus ensuring
the absence of exterior currents):
f (u) =
{
a(u − uint)ζ u > uint
0 u ≤ uint,
(20)
where a and ζ are constant parameters and uint is the value of the
stream function associated with the last poloidal line closing in the
interior. An example of this ‘twisted torus’ equilibrium is shown
in Fig. 1 (left-hand panel) for the specific choice ζ = 0.1 (in each
case ζ is chosen to give the largest possible percentage of toroidal
field; the value of the amplitude a sets the overall scale and is of
less importance in the context of this work). The corresponding
current distribution is shown in the right-hand panel of Fig. 1, and
it is easy to see that it is confined inside the star. Finally, in all
plots the values are given in dimensionless units. Our solutions are
qualitatively similar provided the field strength is less than ∼1017 G
(at which point the field produces a significant back-reaction on the
fluid star), so redimensionalizing gives no additional information.
With our non-vacuum model it is possible to build more general
(and more realistic) configurations. These are Beltrami-type mag-
netospheres and we will discuss several examples in the following
sections.
5.1 Magnetosphere with confined toroidal field
The most straightforward extension of the vacuum model is to take
the same functional form f(u) as above, but fitting the toroidal field
to a larger contour of u, i.e.
f (u) =
{
a(u − λuint)ζ u > λuint
0 u ≤ λuint.
(21)
Figure 1. An example of magnetic field equilibrium for a neutron-star
model without exterior current, built with the help of equation (20). The
axis labels are in units of the stellar radius, with the numerical domain
extending out to three stellar radii in this and subsequent figures. The colour
scales are in dimensionless units, but the results are essentially independent
of field strength (see text). Left-hand panel: a typical twisted-torus magnetic
field configuration surrounded by vacuum (∇ × B = 0); no exterior current
or toroidal field. We plot the poloidal-field direction with the lines and
the toroidal-field magnitude with the colour scale. The magnetic energy
contained in the toroidal field component is 2.9 per cent of the total. Right-
hand panel: electric current distribution, J/c = ∇ × B/4π, for the magnetic
equilibrium shown in the left-hand panel. The lines show the direction of
poloidal current and the colour scale shows the toroidal-current magnitude.
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6 K. Glampedakis, S. K. Lander and N. Andersson
Figure 2. Magnetic equilibrium allowing for exterior current, using the
prescription in equation (21). Again we use the lines to show direction of
poloidal field/current and the colour scales to show toroidal field/current
magnitude. Left-hand panel: magnetic field of a neutron star with a force-
free magnetosphere, i.e. with parallel electric current and magnetic field
(∇ × B ‖ B), in the equatorial lobe. The magnetic energy contained in
the toroidal field component is 7.1 per cent of the total. Right-hand panel:
the corresponding electric current distribution J/c. Note the presence of
poloidal and toroidal currents in the magnetosphere.
The new parameter λ < 1 controls the size of the toroidal field
region in the magnetosphere.
A representative solution is shown in Fig. 2 for λ = 1/2 and
ζ = 0.5. The current distribution corresponding to this magneto-
sphere solution is shown in the right-hand panel of the same figure.
As expected, the toroidal field in the exterior is sourced by a poloidal
current flowing across the stellar surface. Solutions of this type have
slightly more of the magnetic energy in the toroidal field component
(7.1 per cent in the case plotted here), compared with corresponding
vacuum-exterior solutions, but they are still poloidal-dominated in
a global sense. Locally however, in the environs of the magneto-
sphere, the toroidal component becomes dominant.
This type of equilibrium could be envisaged as a ‘magnetar mag-
netosphere’, as it is qualitatively similar to the magnetar corona
model discussed by Beloborodov & Thompson (2007). One could
imagine a magnetar with an initial field configuration like that of
Fig. 1 suffering a crustquake, expelling poloidal current (toroidal
field), then rearranging into an equilibrium solution like that shown
in Fig. 2.
5.2 Magnetosphere with unconfined toroidal field
An alternative type of magnetosphere can be built by fitting the
toroidal field outside a given poloidal field contour. An example of
such solutions is provided by
f (u) =
{
au(λuint − u)ζ u < λuint
0 u ≥ λuint.
(22)
A bit more care is needed here though – one must also ensure
f(u) = 0 along the z-axis, to avoid a divergent Bφ component. An
equilibrium with the above form of f and ζ = 0.1 is shown in Fig. 3.
The percentage of magnetic energy in the toroidal component is
1.5 per cent, but this is an underestimate as the integral is only
over the numerical domain (and the toroidal component decays at
a slower rate than the poloidal one). There is no limiting case of
this ‘unconfined’ solution which produces a vacuum-exterior model
like Fig. 1 (except with Bφ → 0), in contrast with the confined-
magnetosphere solution of the last subsection.
Within our framework, this unconfined type of solution may be
regarded as a ‘pulsar magnetosphere’, in the sense that the toroidal
field occupies the portion of the magnetosphere where the open
field lines would have been located if the neutron star were rotating.
Of course, our f(u) function is not adjusted for consistency with
Figure 3. Left-hand panel: magnetosphere solution with unconfined
toroidal field, built according to the prescription in equation (22). The mag-
netic energy of the toroidal field (produced by integrating over the numerical
domain) is only 1.5 per cent of the total magnetic energy. Right-hand panel:
the corresponding current distribution, depicted in the same way as in the
previous figures.
any light-cylinder boundary conditions; it is, however, adjusted for
consistency with the star’s interior.
5.3 Other magnetospheres
Finally, the previous solutions can be combined to produce a mixed-
type magnetosphere where the toroidal field ‘lives’ around the pole
and in the field line region near the equator, see Fig. 4. In this
sense, this solution has a ‘global’ toroidal field structure. We choose
ζ = 0.2 for the exponent of f(u) in this case.
Simpler solutions with equally ‘global’ toroidal fields can be pro-
duced by the previous models, by a suitable choice of the contour
line λuint bounding the toroidal-field/poloidal-current region (e.g.
by pushing the boundary contour from Fig. 2 outwards towards the
polar axis). From the point of view of the exterior toroidal field
structure, all these global solutions can be thought as being qualita-
tively similar to the self-similar twisted magnetosphere models of
Thompson et al. (2002) and of Pavan et al. (2009) (in the magnetar
context) or of Wolfson (1995) (in the solar-corona context). We
cannot reproduce the most dramatically twisted of these models,
however; it is not clear if this is due to numerical limitations or that
such highly twisted exteriors are not consistent with an interior fluid
equilibrium.
Other equilibrium solutions would be possible; the main limita-
tions are making sure the toroidal field does not diverge at the pole,
and whether or not the numerical scheme successfully iterates to a
solution.
Figure 4. A ‘mixed magnetosphere’, with toroidal field allowed to exist
around the poles and in the near-equatorial region. For this particular solution
ζ = 0.2 and 4.4 per cent of the magnetic energy is in the toroidal component.
Both the magnetic field and the current distribution are superpositions of the
previously discussed solutions.
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Neutron-star magnetospheres 7
5.4 Adding rotation
Although we have limited our analysis to non-rotating systems it is
fairly straightforward to approximate the effect of (weak) rotation
on the magnetic equilibria. Specifically, we solve the same system
of equations as before, taking pre-specified exterior current distri-
butions through the function f(u), but allowing for rigid rotation of
the star. This gives us some streamfunction u0, whose structure is
somewhat affected by the now non-spherical surface shape of the
star. We then turn to the pulsar equation and assume a slow-rotation
approximation in which the streamfunction in the light-cylinder
term is replaced by u0, i.e.
∂2 u
∂ 2
+ ∂
2 u
∂z2
− 1

∂u
∂
= −f df
du
+ 
2
R2L
∇2u0. (23)
This equation is solved with iteration to produce the rotating model
streamfunction u – without, however, imposing any boundary con-
dition at the location of the light cylinder (which anyway lies well
outside our numerical domain).
The magnetospheres produced through this exercise turn out to
be very similar to those of the non-rotating system, even for a
neutron-star model rotating at 700 Hz, and are therefore not shown
here. They do, however, provide some justification for using a non-
rotating ansatz, at least when studying the region close to the star
(our numerical domain is three stellar radii).
6 C O N C L U S I O N S A N D D I S C U S S I O N
We have improved on previous models for magnetized neutron-
star equilibria by ensuring that the interior is smoothly joined to a
more realistic exterior magnetosphere. As far as we are aware, this
is the first serious step towards a global solution of this problem.
Our models do not rely on surface currents or a strained crust; our
pure-fluid model is equivalent to a neutron star with a relaxed crust.
These two effects would tend to cause dissipation or rearrangement
of the field, so by avoiding them we feel our equilibrium models
may represent longer lived magnetospheres.
Previous work on equilibrium solutions has either solved the
problem in the star’s exterior without matching to an interior con-
figuration, or considered the interior problem assuming that the star
is surrounded by vacuum. Neither set of models will lead to a re-
alistic and consistent configuration. We argue that the ‘inside-out’
approach is natural since a star’s magnetic field should be sourced
by interior currents and the nature of the exterior magnetosphere
must depend not only on the star’s rotation and the exterior field
strength but the interior field as well. A more detailed solution to
this problem requires a better understanding of the communication
across the star’s surface and the detailed physics in that region. Such
work is urgently needed if we want to make progress on a number
of topical issues.
In order to keep the problem tractable in this first instance, we
have assumed that the star is non-rotating. This swept problems
associated with the so-called light cylinder under the carpet, but it
also means that the model cannot support key phenomena associated
with the transition from closed to open magnetic field lines. This
may not be an urgent problem, as long as we focus on the slowly
rotating magnetars. However, in order to proceed towards a general
system we need to move beyond non-rotating stars. Since this is
an important issue, it makes sense to close the paper with a few
comments on the nature of the problem.
An important aspect of the  = 0 approximation relates to the
topology of the field lines. In the models we have constructed all
Figure 5. In typical magnetosphere solutions, the separatrix between closed
and open field lines is assumed to coincide with the light-cylinder radius at
the equator, hundreds or thousands of stellar radii from the star. If this is true,
or approximately true, our zero-rotation assumption is a good approximation
to the structure of the magnetosphere near a magnetar. This scenario is shown
above: the equatorial lobe (I) is our magnetar magnetosphere and the white
region surrounding it (II) contains closed field lines. Our approximation
breaks down beyond the separatrix, region III, where the field lines are
expected to be open and the pulsar equation should be solved, but close to
the star this is only a tiny region around the pole. If, for any reason, Rsep
were some small fraction of RL, our models would be invalid.
lines are closed (the vertical field line at the pole would formally
close at infinity). This is in contrast to the magnetic field topology
of more realistic magnetosphere models with rotation; these have
open field lines that cross the light cylinder and extend to infinity
and closed lines that cross the equator and return back to the star.
The separatrix at  = Rsep between open and closed field lines is
a prominent feature of such models. Fig. 5 provides the schematic
structure of this type of magnetosphere. Although many magneto-
sphere models are constructed assuming that Rsep = RL exactly, this
choice is not dictated by some deeper physical principle. In fact,
it has been suggested that Rsep should always sit some way inside
the light cylinder (Uzdensky 2003), as in Fig. 5. Unfortunately, we
are not aware of any quantitative results on how far apart the sep-
aratrix and light cylinder might be; in the few papers presenting
solutions with Rsep < RL, the ratio of the two radii is taken as a
free parameter [e.g. Goodwin et al. (2004); Timokhin (2006)]. Our
zero-rotation approximation should be valid for the near-surface
neutron-star magnetosphere, except in the case Rsep  RL, when
the closed-field line region would shrink dramatically – but as we
have no physical reason to expect this,2 we consider our results to
be representative of the immediate exterior of a magnetar. This is
nonetheless a problem that clearly deserves further attention.
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